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2I. INTRODUCTION
In study of quantum cosmology [1–4], the probabilistic interpretation of the wave function
of the universe has not been well-defined, because the Wheeler–DeWitt wave equation, which
comes from the Hamiltonian constraint, is the second order differential equation in terms
of the minisuperspace variables. In other words, one can hardly extract any conserved
probability current from the Wheeler–DeWitt wave function of the universe.
The problem of the probability distribution is closely related to the problem of time in
quantum cosmology. If the basic equation is the Schro¨dinger-type equation that is the first-
order differential equation in time, one can obtain the probability density as the absolute
square of the wave function.
Many attempts have been made to define a time variable in quantum cosmology: some
authors found ‘global time’ [5, 6], and others defined ‘extrinsic time’ [7] or ‘conformal time’
[8], etc.. Especially, various models defined in two dimensional minisuperspace have been
investigated in this context, and one soluble variable in such a model often plays a role
of a standard ‘clock’ in the universe. The other approaches utilize decomposition of the
Hamiltonian and the wave function [9] or introduce an effective Hamiltonian [10]. Even in
the former attempt for defining the time, of course, the Hamiltonian defined in each work
is different from the original one in a certain sense.
In the present paper, we propose another type of equivalent Hamiltonians for two inte-
grable models. We adopt a heuristic approach to obtain an equivalent Hamiltonian. The
general idea of treating a constraint system is explained in the following text in the succeed-
ing section.
The structure of the present paper is as follows. In Sec. II, we specify the first model we
treat here, the Liouville scalar model. Although an equivalent Hamiltonian is introduced by
a heuristic consideration, the idea of this ‘trick’ is briefly addressed here. Another model, the
conformal scalar model is presented in Sec. III. In Sec. IV, we manage to extract quantum
nature of the Liouville scalar model by using the equivalent Hamiltonians and the method
of cumulants. In Sec. V, we treat the wave function of the conformal scalar model. We
examine usefulness of the Gaussian wave packet and the Wigner function in the model. The
last section is devoted to conclusion and prospect. In Appendix A, we describe the canonical
transform of the Liouville mechanics.
3II. THE LIOUVILLE SCALAR MODEL
A. The original system
The cosmological gravitational model of a scalar field with an exponential potential has
been studied by many authors until recent times (see, for example, Refs. [11–13]). We call
the model as the Liouville scalar model. We start with the field theoretic action
S =
∫
d4x
√−g
[
R− 1
2
(∇Φ)2 − V
2
e2αΦ
]
, (2.1)
where R is the Ricci scalar derived from the metric gµν (µ, ν = 0, 1, 2, 3), g is the determinant
of gµν , and Φ is a real scalar field. The constant α denotes the scalar self-coupling. We used
the abbreviation (∇Φ)2 ≡ gµν∂µΦ∂νΦ. We also assumed that V is a constant. It is known
that the exponential potential of this type can be found in effective field theories of string
theory, higher dimensional gravity, and higher derivative gravity (see, for example, Ref. [14]
and references there in).
We take an ansatz for the metric tensor as
ds2 = −N2e6b(t)dt2 + e2b(t)dx2 , (2.2)
where t = x0, dx2 ≡ ∑3µ=i(dxi)2, and N is the lapse function. We also assume that the
scalar field Φ is expressed by the function of t. Then, we find
S ∝
∫
dtN
[
−6 b˙
2
N2
+
1
2
Φ˙2
N2
− V
2
e2αΦe6b
]
, (2.3)
where the dot indicates the derivative with respect to time t and total derivatives have been
dropped.
If we choose the following new variables and the defined constants
x(t) ≡
√
12
(
b+
α
3
Φ
)
, y(t) ≡ Φ + 4αb , (2.4)
and
λ ≡
√
3
4
, U ≡
(
1− 4
3
α2
)
V , (2.5)
the effective Lagrangian is now written by
LN = N
[
−1
2
x˙2
N2
− U
2
e2λx +
1
2
y˙2
N2
]
. (2.6)
4The variation in the lapse function leads to ∂LN
∂N
= 0, that is,
−1
2
x˙2 +
U
2
e2λx +
1
2
y˙2 = 0 , (2.7)
where we redefine Nt→ t, or equivalently, set N = 1. This is equivalent to the Hamiltonian
constraint, which can be regarded as a consequence of reparametrization invariance of t.
Note that, because of the reparametrization invariance of t, the overall normalizations of
the Lagrangians and the Hamiltonians which we encounter in this paper are irrelevant for
physics of cosmology.
Now, from the Lagrangian
L1 = −1
2
x˙2 − U
2
e2λx +
1
2
y˙2 , (2.8)
we can derive the equations of motion as
x¨− λUe2λx = 0 , y¨ = 0 . (2.9)
Note that these equations have time-reversal invariance (under t → −t). Moreover, we
obtain corresponding canonical momenta as
πx =
∂L1
∂x˙
= −x˙ , πy = ∂L1
∂y˙
= y˙ . (2.10)
Then, the Hamiltonian of the Liouville scalar model is found to be
H = πxx˙+ πy y˙ − L1 = −1
2
π2x +
U
2
e2λx +
1
2
π2y . (2.11)
One can easily confirm the Hamilton’s equations
x˙ =
∂H
∂πx
= −πx , y˙ = ∂H
∂πy
= πy , π˙x = −∂H
∂x
= −λUe2λx , π˙y = −∂H
∂y
= 0 , (2.12)
reproduce the classical equation of motion (2.9).
B. An equivalent system
Let us begin with the following set of the first-order differential equations:
x˙ =
√
Ueλx cosh λ(y − y0) , y˙ = −
√
Ueλx sinhλ(y − y0) , (U > 0) (2.13)
x˙ =
√
|U |eλx sinh λ(y − y0) , y˙ = −
√
|U |eλx coshλ(y − y0) , (U < 0) (2.14)
5where y0 is a constant.
1
One can easily verify that, if (2.13) or (2.14) holds, the Hamiltonian constraint (2.7) and
the equations of motion (2.9) are satisfied.2 The solutions of (2.13) and (2.14) are
x(t) =
1
2λ
ln
π2y0
U sinh2 λπy0(t− t0)
, y(t) = πy0(t− t0) + y0 , (U > 0) (2.15)
and
x(t) =
1
2λ
ln
π2y0
|U | cosh2 λπy0(t− t0)
, y(t) = πy0(t− t0) + y0 , (U < 0) (2.16)
respectively, where πy0 and t0 are integration constants. If we regard y0 as another ‘integra-
tion constant’, (2.15) and (2.16) are general solutions of Eqs. (2.7) and (2.9). The degrees
of freedom of the solutions are given by the number of integration constants. The solu-
tions of the original equations of motion have 2 × 2 = 4 constants. Joining together with
one constraint, we have 4 − 1 = 3 constants which are arbitrarily chosen. The first-order
equations (2.13) or (2.14) yields two integration constants but the choice of y0 is arbitrary.
Thus, we again obtain 2 + 1 = 3 degrees of freedom. We can conclude that the necessary
condition for the similar conversion of the equations of motion is the existence of a ‘cyclic
coordinate’ in the original system. In the Liouville scalar model, y is the cyclic coordinate
in the minisuperspace, since ∂H
∂y
= 0.
Note that the Lagrangian can be rewritten as
L1 = −1
2
[
x˙−
√
Ueλx cosh λ(y − y0)
]2
+
1
2
[
y˙ +
√
Ueλx sinh λ(y − y0)
]2
− d
dt
[
λ−1
√
Ueλx coshλ(y − y0)
]
, (U > 0) (2.17)
L1 = −1
2
[
x˙−
√
|U |eλx sinh λ(y − y0)
]2
+
1
2
[
y˙ +
√
|U |eλx cosh λ(y − y0)
]2
− d
dt
[
λ−1
√
|U |eλx sinhλ(y − y0)
]
. (U < 0) (2.18)
Now, we introduce a new equivalent system. We find that Eqs. (2.13) and (2.14) can also
be derived from the following first-order Lagrangian:
L¯ = (y − y0)x˙− λ−1
√
Ueλx sinh λ(y − y0) , (U > 0) (2.19)
L¯ = (y − y0)x˙− λ−1
√
|U |eλx coshλ(y − y0) . (U < 0) (2.20)
1 Note that the invariance under the translation y → y + const. is realized both in the original and the
equivalent systems. Thus, we can omit y0, but we include the constant to make the rearrangement of
equations easy to understand.
2 Of course, the set of equations transformed as t→ −t also satisfies the equations of motion of the original
system.
6According to the prescription of Faddeev and Jackiw [15, 16], the Hamiltonian of this equiv-
alent system is
H¯ = λ−1
√
Ueλx sinhλp , (U > 0) (2.21)
H¯ = λ−1
√
|U |eλx coshλp , (U < 0) (2.22)
where p is the conjugate momentum of x.
The Hamilton’s equations are found to be
x˙ =
∂H¯
∂p
=
√
Ueλx coshλp , p˙ = −∂H¯
∂x
= −
√
Ueλx sinh λp , (U > 0) (2.23)
x˙ =
∂H¯
∂p
=
√
|U |eλx sinh λp , p˙ = −∂H¯
∂x
= −
√
|U |eλx coshλp , (U < 0) (2.24)
which are surely equivalent to (2.13) and (2.14), respectively, provided that we regard p ≈
y − y0.
The idea of our prescription originates from the canonical transformation of the Liouville
Hamiltonian [17]. If the Liouville Hamiltonian reduces to the form of 1
2
Π2 (see Appendix A),
we can choose the Hamiltonian constraint as Π±πy = 0, instead of−Π2+π2y = 0. Our further
step is to propose that the classical constraint is expressed in the first-order Lagrangian a`
la Faddeev and Jackiw [15, 16] and then we can obtain the equivalent Hamiltonian H¯ of a
reduced set of canonical variables, x and p. Thus, y − y0 ≈ p plays a role of a universal
‘clock’.
In the next section, we show another model, the conformal scalar model and its equivalent
Hamiltonian. The study of quantum dynamics of two models will be described in Sec. IV
and Sec. V.
III. THE CONFORMAL SCALAR MODEL
A. The original system
The simplest model for a spatially homogeneous and isotropic universe is described by
the action [1, 2, 18]
S =
∫
d4x
√−g
[
R− 1
2
(∇φ)2 − 1
12
Rφ2
]
, (3.1)
where φ is a real scalar field conformally coupled to the scalar curvature. We consider this
system in the minisuperspace as the second example of the integrable model in this paper
and call it the conformal scalar model.
7We take an ansatz for the metric tensor as
ds2 = a2(t)
[
−N2dt2 + dr
2
1− kr2 + r
2(dθ2 + sin2 θdφ2)
]
, (3.2)
where k(= ±1) indicates the sign of the spatial curvature.3 We also assume that the con-
formally invariant scalar field φ is expressed by the function of t. Then, we find
S ∝ 12
∫
dtN
[
−1
2
a˙2
N2
+
k
2
a2 +
1
2
χ˙2
N2
− k
2
χ2
]
, (3.3)
where χ = aφ/
√
12 and total derivatives have been dropped. By using new variables
a(t) = r(t) coshϕ(t) , χ(t) = r(t) sinhϕ(t) , (3.4)
we find a simple form of the Lagrangian
L1 = −1
2
r˙2 +
k
2
r2 +
1
2
r2ϕ˙2 , (3.5)
and the constraint
−1
2
r˙2 − k
2
r2 +
1
2
r2ϕ˙2 = 0 . (3.6)
Note that the variable ϕ is a ‘cyclic coordinate’ in the two dimensional minisuperspace.
The equations of motion derived from the Lagrangian (3.5) are
r¨ + rϕ˙2 + kr = 0 , ϕ¨+ 2
r˙
r
ϕ˙ = 0 . (3.7)
Note that these equations have time-reversal invariance.
B. An equivalent system and canonical transformations
Now, we find that the set of equations
r˙ = r sinh 2(ϕ− ϕ0) , ϕ˙ = − cosh 2(ϕ− ϕ0) , for k = 1 , (3.8)
r˙ = r cosh 2(ϕ− ϕ0) , ϕ˙ = − sinh 2(ϕ− ϕ0) , for k = −1 , (3.9)
reproduces the equations of motion (3.7) and the constraint (3.6). Here, ϕ0 is a constant.
Note that the original Lagrangian can be written as
L1 = −1
2
[r˙ − r sinh 2(ϕ− ϕ0)]2 + 1
2
r2 [ϕ˙+ cosh 2(ϕ− ϕ0)]2
3 For the case of k = 0 is rather trivial, we do not deal with the case, in this paper.
8− d
dt
[
r2
2
sinh 2(ϕ− ϕ0)
]
, for k = 1 , (3.10)
L1 = −1
2
[r˙ − r cosh 2(ϕ− ϕ0)]2 + 1
2
r2 [ϕ˙+ sinh 2(ϕ− ϕ0)]2
− d
dt
[
r2
2
cosh 2(ϕ− ϕ0)
]
, for k = −1 . (3.11)
The Lagrangians which lead to the first-order equations (3.8) and (3.9) are
L¯ = (ϕ− ϕ0)rr˙ − r
2
2
cosh 2(ϕ− ϕ0) = (ϕ− ϕ0)q˙ − q cosh 2(ϕ− ϕ0) , for k = 1 , (3.12)
L¯ = (ϕ− ϕ0)rr˙ − r
2
2
sinh 2(ϕ− ϕ0) = (ϕ− ϕ0)q˙ − q sinh 2(ϕ− ϕ0) , for k = −1 ,(3.13)
respectively, where we set q ≡ r2/2. Now, we can obtain the classical Hamiltonians with the
aid of the Faddeev–Jackiw method as in the previous section:
H¯ = q cosh 2p , for k = 1 , (3.14)
H¯ = q sinh 2p , for k = −1 . (3.15)
In this model, this is not the final form of physical interest. One can find the Poisson’s
bracket {Q,P} = 1, where
Q ≡
√
2q cosh p , P ≡
√
2q sinh p . (3.16)
Using the new canonical set of variables, the equivalent Hamiltonians read
H¯ =
1
2
(
P 2 +Q2
)
, for k = 1 , (3.17)
H¯ = QP , for k = −1 . (3.18)
To check the validity, we derive the Hamilton’s equations
Q˙ =
∂H¯
∂P
= P , P˙ = −∂H¯
∂Q
= −Q , for k = 1 , (3.19)
Q˙ =
∂H¯
∂P
= Q , P˙ = −∂H¯
∂Q
= −P , for k = −1 . (3.20)
Note that, remembering p ≈ ϕ− ϕ0, we find
Q ≈ r cosh(ϕ− ϕ0) = r(coshϕ coshϕ0 − sinhϕ sinhϕ0) = a coshϕ0 − χ sinhϕ0 ,(3.21)
P ≈ r sinh(ϕ− ϕ0) = r(sinhϕ coshϕ0 − coshϕ sinhϕ0) = χ coshϕ0 − a sinhϕ0 , (3.22)
or
a ≈ Q coshϕ0 + P sinhϕ0 , χ ≈ P coshϕ0 +Q sinhϕ0 . (3.23)
9After straightforward calculations, one can find that the Hamilton’s equations are equivalent
to the first-order equations (3.8) and (3.9), as far as we regard p ≈ ϕ− ϕ0.
The classical solutions of the systems are found to be
Q(t) = Q0 cos t + P0 sin t , P (t) = P0 cos t−Q0 sin t , for k = 1 , (3.24)
Q(t) = Q0 e
t , P (t) = P0 e
−t , for k = −1 , (3.25)
where Q0 and P0 are constants.
It is remarkable that the conformal scalar model with k = 1 reduces to a system of a
harmonic oscillator while the model with k = −1 reduces to the well-known xp model [19–
24], whose spectrum is considered to be related to the zeros of the Riemann zeta function.
Incidentally, it is also known that the similar Hamiltonian has been studied in the model of
loop quantum cosmology [25, 26].
For the conformal scalar model with k = −1, a remarkable canonical transformation
remains to be done. The new canonical pair is
Q′ ≡ Q− P√
2
, P ′ ≡ P +Q√
2
. (3.26)
Then, the Hamiltonian is rewritten as
H¯ =
1
2
(P ′2 −Q′2) . (3.27)
This is just a so-called inverted harmonic oscillator.4 The classical solution of the system
can be written as
Q′(t) = Q′0 cosh t + P
′
0 sinh t , P
′(t) = P ′0 cosh t+Q
′
0 sinh t , (3.28)
where Q′0 and P
′
0 are constants. Note that the correspondence to the original variables is
Q′ ≈ 1√
2
(a− χ)eϕ0 , P ′ ≈ 1√
2
(a+ χ)e−ϕ0 . (3.29)
In the next two sections, we will try to investigate the quantum nature of our models.
4 Therefore, the inverted harmonic oscillator may also have some concern with the Riemann zeta function
[27–29].
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IV. TOWARDS QUANTUM DYNAMICS OF THE LIOUVILLE SCALAR
MODEL
If we introduce the wave function of the universe Ψ(t, q), the Schro¨dinger equation can
be written as
i~
∂Ψ
∂t
= HˆΨ , (4.1)
where ~ is the Planck’s constant.5 Here Hˆ is the ‘quantum Hamiltonian’, usually connected
to the classical Hamiltonian H(q, p)→ Hˆ(qˆ, pˆ), up to the operator ordering.
As a wave equation obtained by replacing pˆ with ~
i
∂
∂q
,6 the Schro¨dinger equation for the
Liouville scalar model described in Sec. II is hard to solve, because there appear infinite
derivatives. We postpone the study on the wave function itself for the future work, here we
consider the quantum effects on the classical solutions in the Liouville scalar model. The
conformal scalar model will be studied in the next section.
It is well-known that the Ehrenfest’s theorem tells
d〈Aˆ〉
dt
=
1
i~
〈[Aˆ, Hˆ]〉 , (4.2)
where 〈Aˆ〉 is the expectation value of the operator Aˆ. The approximation of the equation in
the order ~0 gives the classical equations of motion. To evaluate the quantum corrections,
we should treat the fluctuation operator δAˆ = Aˆ− 〈Aˆ〉 appropriately.
Recently, Shigeta et al.[32, 33] defined an expression for the expectation value by means
of cumulants among the canonical pair of the variables q and p. That is defined as
〈AS(qˆ, pˆ)〉M ≡ exp
(
M∑
m=2
∑
0≤ℓ≤m
κℓ,m−ℓ
ℓ!(m− ℓ)!
∂m
∂qℓ∂pm−ℓ
)
A(q, p) , (4.3)
where we introduced the cumulants κi,j ≡ 〈((δqˆ)i(δpˆ)j)S〉 (i, j = 0, 1, 2, . . .) and the subscript
S indicates a symmetric sum of the operators.
Here, we takes the approximation by takingM = 2 and we set the approximated quantum
Hamiltonian as
H˜(q, p; κ2,0, κ1,1, κ0,2) ≡ 〈Hˆ(qˆ, pˆ)〉2 . (4.4)
5 In this section, we illustrate the Planck’s constant, because we want to emphasize the aspect of quantum
effects.
6 It is notable that the noncommutativity of two minisuperspace variables naturally emerges, since y−y0 ≈ p.
For noncommutative quantum cosmology, see [30, 31], for example.
11
Then, the following simultaneous equations are derived from the Ehrenfest’s theorem:[32, 33]
q˙ = H˜(0,1) , (4.5)
p˙ = −H˜(1,0) , (4.6)
κ˙2,0 = 2κ2,0H˜
(1,1) + 2κ1,1H˜
(0,2) , (4.7)
κ˙1,1 = −κ2,0H˜(2,0) + κ0,2H˜(0,2) , (4.8)
κ˙0,2 = −2κ1,1H˜(2,0) − 2κ0,2H˜(1,1) , (4.9)
where H˜(2,0) ≡ ∂2H˜
∂q2
, H˜(1,1) ≡ ∂2H˜
∂q∂p
, and H˜(0,2) ≡ ∂2H˜
∂p2
.
Accordingly, the quantum Hamiltonian for the Liouville scalar model is calculated as
H˜(x, p; κ2,0, κ1,1, κ0,2) =
√
U
λ
exp
[
λx+
λ2(κ2,0 + κ0,2)
2
]
sinh(λp+ λ2κ1,1) , (U > 0)(4.10)
H˜(x, p; κ2,0, κ1,1, κ0,2) =
√
U
λ
exp
[
λx+
λ2(κ2,0 + κ0,2)
2
]
cosh(λp+ λ2κ1,1) , (U < 0)(4.11)
where the canonical pair is replaced by (q, p)→ (x, p).
Now, we can numerically solve the simultaneous equations (4.5-4.9) (with q → x). Since
we know that p ≈ y − y0 evolves linearly in time in the classical system, we illustrate
evolutions of variables as functions of p.
-2 -1.8 -1.6 -1.4 -1.2 -1
p
-1
-0.5
0
0.5
1
1.5
x
-2 -1.8 -1.6 -1.4 -1.2 -1
p
1
2
3
4
5
Κ Κ0,2
Κ1,1
Κ2,0
(a) (b)
FIG. 1. (a) The quantum corrected solution (black curve) for (4.5-4.9) and the classical solution
(gray curve) under the same initial conditions are plotted in the Liouville scalar model with U > 0.
For the choice of initial values and constants, see the text. (b) The values of the cumulants are
plotted against p in the Liouville scalar model with U > 0. For the choice of initial values and
constants, see the text.
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Fig. 1 shows the classical solutions and quantum corrections in the Liouville scalar model
with U > 0. We set ~ = 1, λ =
√
3/2, and U = 3/4. Initial conditions are given at
p = p0 = −2. We choose x(p0) = −0.96163, κ2,0(p0) = κ0,2(p0) = 1/2, and κ1,1(p0) = 0.
Note that κ2,0κ0,2 = 1/4 is the minimal value which comes from the uncertainty principle
(i.e., we assume a coherent state initially). Note also that κ2,0κ0,2−κ21,1 is a constant [32, 33].
In Fig. 1 (a), the quantum corrected solution (black curve) for (4.5-4.9) and the classical
solution (gray curve) under the same initial condition are plotted. Quantum corrections
enhances the value of x. In Fig. 1 (b), the value of the cumulants are plotted. Around
p ≈ −1, the value of κ0,2 tends to take a minus value and κ2,0 grows unlimitedly. This
indicates that the point is the limit of the present approximation scheme and we should
incorporate higher-order cumulants to obtain precise quantum effects.
-2 -1.5 -1 -0.5 0
p
-0.4
-0.2
0
0.2
0.4
0.6
x
-2 -1.5 -1 -0.5 0
p
1
2
3
4
5
Κ Κ0,2
Κ1,1
Κ2,0
(a) (b)
FIG. 2. (a) The quantum corrected solution (black curve) for (4.5-4.9) and the classical solution
(gray curve) under the same initial conditions are plotted in the Liouville scalar model with U < 0.
For the choice of initial values and constants, see the text. (b) The value of the cumulants are
plotted against p in the Liouville scalar model with U < 0. For the choice of initial values and
constants, see the text.
Fig. 2 shows the classical solutions and quantum corrections in the Liouville scalar model
with U < 0. We set ~ = 1, λ =
√
3/2, and U = −1/2. Initial conditions are given at
p = p0 = −2. We choose x(p0) = −0.467658, κ2,0(p0) = κ0,2(p0) = 1/2, and κ1,1(p0) = 0.
In Fig. 2 (a), the quantum corrected solution (black curve) for (4.5-4.9) and the classical
solution (gray curve) under the same initial conditions are plotted in the model with U < 0.
Quantum corrections reduces the value of x. In Fig. 2 (b), the value of the cumulants are
plotted. The evolution of the cumulants in the model with U < 0 are more moderate than
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the model with U > 0.
In both cases, we should consider various cases of squeezed states, i.e., κ2,0 ≫ κ0,2 or κ2,0 ≪
κ0,2, and study the evolution of decoherence in the higher-order approximation, in order to
conclude the precise behavior of the quantum Liouville cosmology.
Before closing this section, we place a comment on a further canonical transformation.
Incidentally, if we perform canonical transformation
X ≡ x− p√
2
, P ≡ x+ p√
2
, (4.12)
on the equivalent Hamiltonians (2.21) and (2.22), we obtain
H¯ = (2λ)−1
√
U [e
√
2λP − e
√
2λX ] , (U > 0) (4.13)
H¯ = (2λ)−1
√
|U |[e
√
2λP + e
√
2λX ] , (U < 0) (4.14)
as the Hamiltonians. Similar types of Hamiltonians have been studied in an area of math-
ematical physics recently, see for example [35–39]. We should further study the Liouville
scalar model of quantum universe in the future work, considering the help of various possible
ways to investigate it.
V. QUANTUM DYNAMICS AND WAVE FUNCTION OF THE CONFORMAL
SCALAR MODEL
A. Cumulant quantum dynamics of the conformal scalar model
Incidentally, for the conformal scalar model, we find the quantum Hamiltonian formulated
in the previous section as
H˜(Q,P ; κ2,0, κ1,1, κ0,2) =
1
2
(
P 2 + κ0,2 +Q
2 + κ2,0
)
, (k = 1) (5.1)
H˜(Q,P ; κ2,0, κ1,1, κ0,2) = (QP )S + κ1,1 . (k = −1) (5.2)
Note that these are also exact quantum Hamiltonians up to the all order M = ∞. It can
be seen from the quantum Hamiltonians and the simultaneous equations (4.5-4.9) in which
the dynamics of the expectation values of Q and P and the dynamics of the cumulants are
completely decoupled in the conformal scalar model in the both cases k = 1 and k = −1.
Thus, the solutions for Q and P coincide with the classical solutions (3.24) and (3.25) for
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k = 1 and k = −1, respectively. The solutions for the cumulants are κ2,0 = A−B cos 2(t−t1),
κ0,2 = A+B cos 2(t− t1), and κ1,1 = B sin 2(t− t1) for k = 1,7 while κ2,0 = A exp[2(t− t1)],
κ0,2 = A exp[−2(t − t1)], and κ1,1 = B for k = −1. We used A, B, and t1 as integration
constants here. Therefore, we find that the magnitude of coherence of the initial state
becomes oscillatory in the conformal scalar model with k = 1 while the decoherence develops
in the conformal scalar model with k = −1.
B. The wave function and the Wigner function of the conformal scalar model with
k = 1
Especially, since an arbitrary state of the conformal scalar model with k = 1 can be ex-
pressed by the states of a harmonic oscillator, a wave packet corresponding to a semiclassical
evolution can be described by superposition of eigenstates. Particularly, a coherent state is
interesting as an initial state.
We can analyze the conformal scalar model with k = 1, which is the simplest toy model
of quantum cosmology, by using the known results on harmonic oscillators. According to a
typical wave packet exhibited in Ref. [40], a typical wave function in the model with k = 1
can be written as
Ψ(Q, t) =
1√
π1/2A(t)
exp
[
i{(Q2 +Q20) cos t− 2Q0Q}
2~ sin t
]
× exp
[
− iβ
2~ sin t
(Q−Q0 cos t− P0 sin t)2
A(t)
]
, (5.3)
where
A(t) ≡ β cos t+ i~
β
sin t , (5.4)
and Q0, P0, and β are constants. The probability density is given by
|Ψ(Q, t)|2 = 1√
π|A(t)| exp
[
−(Q−Q0 cos t− P0 sin t)
2
|A(t)|2
]
. (5.5)
The initial wave packet gives 〈Q〉 = Q0 for t = 0. Note that the second order cumulant κ2,0
is given by |A(t)|2 = ~
2
(
β2
~
cos2 t+ ~
β2
sin2 t
)
. The initial condition on the coherence is given
by the constant β and β =
√
~ gives a coherent state and then |A(t)|2 = ~/2.
7 In the case of a coherent state, the constant B equals to zero.
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Generally speaking, the Wigner function [41–43] is defined, in terms of a wave function
φ(q), by
W (q, p) ≡ 1
2π~
∫ ∞
−∞
du φ∗
(
q − u
2
)
φ
(
q +
u
2
)
e−i
p
~
u . (5.6)
The Wigner function has beautiful properties, such as
∫ ∞
−∞
dpW (q, p) = |φ (q)|2 ,
∫ ∞
−∞
dqW (q, p) = |φ˜ (p) |2 , (5.7)
where φ˜(p) is the Fourier transform of φ(q). Note that the Wigner function itself is not
positive definite in general.
For the Gaussian wave packet of a harmonic oscillator, the simple result of the Wigner
function has already been known [42]. In the present model, the Wigner function is given
by
W (Q,P, t) =
1
π~
exp
[
− 1
β2
(Q cos t− P sin t−Q0)2 − β
2
~2
(P cos t+Q sin t− P0)2
]
. (5.8)
It is remarkable that the Wigner function is positive in this case.
Remembering the relation between (Q,P ) and (a, χ) (3.22) in Sec. III, we can plot the
Wigner function as a two-parameter function of a and χ. We set ~ = 1, and a(0) = 0
and χ(0) = 5 in the following figures. Fig. 3 shows the Wigner functions of (a) a coherent
state, β = 1, (b) a squeezed state, β = 2 and (c) a squeezed state, β = 1/2, for ϕ0 = 0.
Fig. 4 shows the Wigner functions of the same states for ϕ0 = 0.3. Fig. 5 shows the Wigner
functions of the same states for ϕ0 = −0.3. In each figure, the Wigner function at times
t = 0, t = π/2, t = π, and t = 3π/2 are shown at once.
As already seen from the analysis with cumulants, the behavior of the Gaussian wave
packet seems very simple and its behavior seems similar to, or consistent with, the result
from the analysis of the wave packet of Wheeler–DeWitt equation in the conformal scalar
model [4, 18].
C. The wave function and the Wigner function of the conformal scalar model with
k = −1
The equivalent Hamiltonian of the conformal scalar model with k = −1 can be expressed
by that of an inverted harmonic oscillator, as (3.27) in Sec. III. A typical Gaussian wave
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(a) (b) (c)
FIG. 3. Plots of the Wigner functions of (a) a coherent state, β = 1, (b) a squeezed state, β = 2
and (c) a squeezed state, β = 1/2, for ϕ0 = 0 in the conformal scalar model with k = 1. In each
figure, the Wigner function at times t = 0, t = pi/2, t = pi, and t = 3pi/2 are shown at once.
(a) (b) (c)
FIG. 4. Plots of the Wigner functions of (a) a coherent state, β = 1, (b) a squeezed state, β = 2
and (c) a squeezed state, β = 1/2, for ϕ0 = 0.3 in the conformal scalar model with k = 1. In each
figure, the Wigner function at times t = 0, t = pi/2, t = pi, and t = 3pi/2 are shown at once.
function in our model (with k = −1) can be written as
Ψ(Q′, t) =
1√
π1/2A(t)
exp
[
i{(Q′2 +Q′02) cosh t− 2Q′0Q′}
2~ sinh t
]
× exp
[
− iβ
2~ sinh t
(Q′ −Q′0 cosh t− P ′0 sinh t)2
A(t)
]
, (5.9)
where
A(t) ≡ β cosh t+ i~
β
sinh t , (5.10)
and Q′0, P
′
0, and β are constants. The probability density is given by
|Ψ(Q′, t)|2 = 1√
π|A(t)| exp
[
−(Q
′ −Q′0 cosh t− P ′0 sinh t)2
|A(t)|2
]
. (5.11)
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(a) (b) (c)
FIG. 5. Plots of the Wigner functions of (a) a coherent state, β = 1, (b) a squeezed state, β = 2
and (c) a squeezed state, β = 1/2, for ϕ0 = −0.3 in the conformal scalar model with k = 1. In
each figure, the Wigner function at times t = 0, t = pi/2, t = pi, and t = 3pi/2 are shown at once.
The initial wave packet gives 〈Q′〉 = Q′0 at t = 0. Note that the second order cumulant κ2,0 is
given by |A(t)|2 = ~
2
(
β2
~
cosh2 t+ ~
β2
sinh2 t
)
. The initial condition on the coherence is given
by the constant β and β =
√
~ gives a coherent state. In this case, |A(t)|2 = (~/2) cosh 2t.
The Wigner function of the Gaussian wave packet in the model with k = −1 is given by
W (Q′, P ′, t)
=
1
π~
exp
[
− 1
β2
(Q′ cosh t− P ′ sinh t−Q′0)2 −
β2
~2
(P ′ cosh t−Q′ sinh t− P ′0)2
]
, (5.12)
Note that the Wigner function is also positive in this case.
Remembering the relation (Q′, P ′) and (a, χ) (3.29) in Sec. III, we can plot the Wigner
function as a two-parameter function of a and χ. We set ~ = 1, and a(0) = 0 and χ(0) = 5
in the figures. Fig. 6 shows the Wigner functions of (a) a coherent state, β = 1, (b) a
squeezed state, β = 2 and (c) a squeezed state, β = 1/2, for ϕ0 = 0. Fig. 7 shows the
Wigner functions of the same states for ϕ0 = 0.3. Fig. 8 shows the Wigner functions of the
same states for ϕ0 = −0.3. In each figure, the Wigner function at times t = 0, t = π/4,
t = π/2, and t = 3π/4 are shown at once.
The Wigner functions directly demonstrate the decoherence of the initial wave packets
in the model with k = −1.8
8 As seeing from the classical solution, there is a bouncing solution, where a > 0, in the model with k = −1.
We found, however, that the time scale of the decoherence is the same as the classical evolution and
further minute analysis is needed for the solution. We leave the analysis for a separate study.
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(a) (b) (c)
FIG. 6. Plots of the Wigner functions of (a) a coherent state, β = 1, (b) a squeezed state, β = 2
and (c) a squeezed state, β = 1/2, for ϕ0 = 0 in the conformal scalar model with k = −1. In each
figure, the Wigner function at times t = 0, t = pi/4, t = pi/2, and t = 3pi/4 are shown at once.
(a) (b) (c)
FIG. 7. Plots of the Wigner functions of (a) a coherent state, β = 1, (b) a squeezed state, β = 2
and (c) a squeezed state, β = 1/2, for ϕ0 = 0.3 in the conformal scalar model with k = −1. In
each figure, the Wigner function at times t = 0, t = pi/4, t = pi/2, and t = 3pi/4 are shown at once.
VI. CONCLUSION
We have provided equivalent Hamiltonians for two integrable cosmological models, in
order to have Schro¨dinger-type equations. In the present paper, we have investigated semi-
classical behavior of the models using quantum dynamics incorporating cumulants. In the
conformal scalar model, the wave function has been solved and we found that the Wigner
function indicates the time-evolution of the Gaussian wave packet in quantum cosmology.
As a future study, we should examine the precise behavior of wave functions and the
Wigner functions in our models by various approximation method including simple WKB
method and by numerical calculations. On the other hand, cosmological models with a cyclic
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(a) (b) (c)
FIG. 8. Plots of the Wigner functions of (a) a coherent state, β = 1, (b) a squeezed state, β = 2
and (c) a squeezed state, β = 1/2, for ϕ0 = −0.3 in the conformal scalar model with k = −1. In
each figure, the Wigner function at times t = 0, t = pi/4, t = pi/2, and t = 3pi/4 are shown at once.
coordinate in the minisuperspace can be found in theory that possesses shift symmetries.
Generalization of the present analysis to other symmetric models will bring us with a new
insight into quantum cosmology.
We showed examples for restricted subclass of integrable models. In the present study, we
considered the dynamics in minisuperspace and so we cannot exhibit the feature of all of the
degree of freedom in the original theory through the effective Hamiltonian (or Lagrangian).
In lower dimensions, however, it is known that the Ba¨cklund transformation enables us to
treat some integrable models as free field theories [44]. In such a case, quantum cosmology
and the treatment of constraints may be studied exactly with the equivalent Hamiltonian.
Therefore, one important subject to study is in lower dimensional quantum cosmological
models.
As a generic cosmological model, not so an academic theme, it is very important to incor-
porate the contribution of matter and consideration of non-integrable models is essential. As
we showed in the present paper, reduction of phase space is considered to be an important
key point in the constraint system in our analysis. We suppose that the recent study of
the Hamiltonian analysis of gravity [45] may give a certain direction in the investigation of
quantum cosmology for this reason. We consider that supersymmetric quantum cosmology
[46], which deals with an extended constraint system, may be an interesting target to study
about reduction of phase space.
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Appendix A: Canonical transform of the Liouville Hamiltonian
This Appendix A reviews the canonical transform of the Liouville Hamiltonian [17]. We
consider the following Liouville Hamiltonian
h =
1
2
π2 − U
2
e2λx , (A1)
where π is the conjugate momentum of the variable x. Now, we consider a generating
function
F (x,X) = λ−1
√
Ueλx coshλX , (U > 0) (A2)
F (x,X) = λ−1
√
|U |eλx sinh λX , (U < 0) (A3)
Since
∂F
∂x
x˙+
∂F
∂X
X˙ =
dF
dt
, (A4)
the canonical transformation (x, π)→ (X,Π) gives
π =
∂F
∂x
=
√
Ueλx cosh λX , Π = − ∂F
∂X
= −
√
Ueλx sinh λX , (U > 0) (A5)
π =
∂F
∂x
=
√
|U |eλx sinh λX , Π = − ∂F
∂X
= −
√
|U |eλx cosh λX , (U < 0) (A6)
Then, we find
h =
1
2
Π2 . (A7)
Note that the constraint in the original x-y system of the Liouville model requires identifi-
cation Π ≈ πy and thus X ≈ y − y0, which reproduces the first order equation in Sec. II at
classical level. Note also that H¯ in Sec. II has the same form as Π here.
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